Abstract. A two-dimensional modified semi geostrophic model is used to study the evolution of oceanic fronts in the presence of vertical mixing. The parameterization used for mixing is an elevated constant value of vertical viscosity and friction; hence the Ekman layer acts as a surrogate mixed layer, with, however, vertical shear allowed everywhere. An initial condition representative of the observed fields in Frontal Air-Sea Interaction Experiment (FASINEX) is used, and its modification in the presence of vertical mixing alone is investigated. Without external forcing an Ekman layer results because of the presence of vertical geostrophic shear at the surface. The maximum density gradient moves toward the dense side of the front driven by this flow. Convergence of Ekman flow results in downward bowing of the isopycnals beneath the surface expression of the front, a feature reminiscent of density sections taken during FASINEX. This feature is not evident when a barotropic convergence field is applied in the absence of mixing or in fully nonlinear simulations of the evolution of fronts with baroclinic instability. An analytic theory suggests that the maximum density gradient will increase over time when vertical mixing alone is present. In the presence of negative uniform wind stress in the direction opposite to the surface geostrophic flow the front moves toward the denser water, and the jet uniformly decreases in strength. In the presence of a positive uniform wind in the direction of the surface geostrophic flow the surface jet initially weakens but then strengthens again as the wind-driven Ekman flow opposes the frictionally driven Ekman flow and the cross-front density gradient increases. unstable Eady mode as forcing to create a two-dimensional model of frontogenesis. Using the semigeostrophic approximation (in which the along-front length scale is assumed to be much larger than the cross-front length scale), HB showed that a barotropic external deformation field applied to a uniform horizontal density gradient causes a finite discontinuity in density to develop at the surface in finite time. This result is in contrast to a purely quasi-geostrophic model in which the surface discontinuity forms as time goes to infinity. Mixing or friction and three-dimensional effects would eventually take over to smooth out discontinuities.
Introduction
Dynamical understanding of oceanic fronts has come in large part from the atmospheric sciences, where models of fronts were first developed. These models were designed to provide understanding of frontogenesis driven by baroclinic instability. The classic inviscid frontal model of Hoskins and Bretherton [1972] (hereinafter referred to as HB) uses the most Copyright 2000 by the American Geophysical Union.
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0148-0227/00/1999 J C900336509.00 unstable Eady mode as forcing to create a two-dimensional model of frontogenesis. Using the semigeostrophic approximation (in which the along-front length scale is assumed to be much larger than the cross-front length scale), HB showed that a barotropic external deformation field applied to a uniform horizontal density gradient causes a finite discontinuity in density to develop at the surface in finite time. This result is in contrast to a purely quasi-geostrophic model in which the surface discontinuity forms as time goes to infinity. Mixing or friction and three-dimensional effects would eventually take over to smooth out discontinuities.
In the ocean the mixed layer is most likely of importance to the dynamics of fronts. A distinguishing characteristic of oceanic density fronts that contrasts with atmospheric fronts is that the vertical penetration scale of the mixed layer can often be a significant fraction of the vertical scale of the front itself and thus cannot necessarily be separated from the bulk structure of the density front. Modeling of open ocean fronts has progressed along two lines. First, the two-dimensional (cross-frontal and vertical) approach following HB has been used by several authors to study frontogenesis by a barotropic convergence field and by wind-driven convergence. MacVean and Woods [1980] applied the inviscid ideas of HB to a density field representative of that in the ocean. In particular, they include an unstratified layer on top of a stratified layer to represent the mixed layer. They find that low Richardson numbers appear near the front as it sharpens. Also, mixed layer water appears to be pulled down in the water column, suggesting that it could be subducted. This model allows vertical shear to develop throughout the upper ocean. A similar study is that done by Bleck et al. [1988] , who used a two-dimensional isopycnal model to study the same ity in a fully nonlinear simulation is ---37 m d -• after 3 days [Samelson and Chapman, 1995] . Presumably, this vertical velocity could move fluid parcels from the surface to depth. However, in the models used to study the three-dimensional structure of fronts, diapycnal mixing has been reduced as much as possible, and an active mixed layer is missing. For permanent transfer of parcels from the surface to depth or across the front horizontally, there must be some nonconservative process to allow fluid parcels to cross density surfaces. Spall [1997] studied whether an unstable front could equilibrate in the presence of an external convergence field. Under certain parameter regimes he found that when the deformation field is strong enough, the front can equilibrate, and at that point, subgrid-scale mixing processes become important. In general, the ageostrophic cross-front circulation and heat flux are dominated by that resulting from the convergence field. The dynamics of the equilibrated front are fundamentally two-
dimensional.
In order to analyze whether theoretical ideas can be applied to observed oceanic fronts, Pollard and Regier [1992] explored the FASINEX front by making a series of density and velocity sections using acoustic Doppler current profile (ADCP) and SeaSoar instruments. Nine density sections were made, and in each section a thick mixed layer appears on the dense side of the front. One of these density sections provides the initial conditions for the work of Samelson [1993] and Samelson and Chapman [1995] . As the layer defined by isopycnals that outcrop there descends, visual inspection shows that in six of the nine sections the layer is relatively thick below the maximum horizontal density gradient at the surface. Pollard and Regier [1992] argue that this gives evidence of advection of the mixed layer water downward. We will argue here that this feature depends on frictionally driven convergence. They also derive the cross-front vertical flow by making simplifying assumptions (i.e., there is no along-front variability, and the flow is inviscid and purely geostrophic) and applying ideas first introduced by HB. Results of this diagnostic calculation will be discussed in the context of our model results. Rudnick [1996] does a similar three-dimensional inversion for the vertical velocity field and finds that there is a tendency for denser water to be downwelled and warmer water to be upwelled, in the typical thermally direct sense, and finds a maximum vertical velocity field of---17 m d -•. This calculation was done using the quasigeostrophic omega equations, as was that done by Pollard and Regier [1992] . Rudnick [1996] also finds that the changes in the density field come about mostly through horizontal advection, which we will show is consistent with the ideas presented in this paper.
To investigate the influence of mixing on small-scale fronts, we use a model that has high vertical mixing and at the same time allows vertical density gradients and vertical shear near the surface. We do not consider the full three-dimensional influence of baroclinic instability but, instead, use a twodimensional (cross-front and vertical) continuously stratified finite difference model to study the evolving front. The influence of baroclinic instability is modeled qualitatively by the inclusion of a barotropic convergence field as by HB. We also follow HB and apply the semigeostrophic approximation so that ageostrophic effects that are crucial to the frontogenesis process can be studied while removing the confounding effects of gravity waves. The mixing is parameterized as vertical Laplacian friction and represents the turbulence owing to surface processes (gravity waves, wind, etc.) that are the primary causes of vertical transport of momentum and density in the upper ocean. This parameterization is consistent with the idea that mixing processes in the upper ocean are well represented by one-dimensional mixed layer models. However, with explicit vertical mixing, but not complete homogenization as is assumed in mixed layer models, isopycnals and other property contours can slope in the surface layer. This addition allows us to apply the theory of Ekman layers and study the influence of the associated vertical shear on the detailed evolution of the front in a simple model. This work follows that of Garrett and Loder [1981] . In that study a simple formula was derived for the cross-frontal flow induced by friction, parameterized in terms of an eddy viscosity coefficient under the approximation that the Rossby number and Ekman number are small. The equation applies to the region outside of the surface Ekman layer, where isopycnal depths satisfy a diffusion equation with a diffusion coefficient that depends on the local buoyancy frequency. If density diffusion is added, Garrett and Loder [1981] showed that there is an additional term that acts to sharpen gradients in isopycnal depth in the cross-isopycnal direction. Several predictions were made from this study, including that near the surface, there will be a sharpening of the horizontal density gradient on the denser side of the front. Many of the results found in the work presented here were suggested by their analytic work.
The outline of the paper is as follows. A description of the model is given followed by an application using the barotropic convergence field of HB and no vertical mixing. Next, the spindown of the same density front is described, and the combined effect of mixing and barotropic convergence is presented. Finally, the influence of the wind on the evolution of the front is explicated, and consequences of the modeling results are discussed. In the appendix a semianalytic solution is found for the surface density distribution under simplifying assumptions, and comparisons are made to the numerical model results. momentum approximation [Hoskins, 1975] 
The along-front velocity can then be divided into a geostrophic part and an ageostrophic part that is driven by friction,
The geostrophic part is by definition balanced exactly by the cross-front pressure gradient, fv a -Px, while the ageostrophic part is balanced by mixing of cross-front momentum, fVa ----VUzz. Thermal wind still applies to the geostrophic velocity, fvgz = Oo Ox.
The along-front momentum balance is then D vg + fu ---Py + 12(u a q-U#)zz,
Dt so only the geostrophic along-front velocity is advected by the total velocity field. The cross-front velocity is purely ageostrophic. The two-dimensional model still strictly applies as long as there are no changes in the along-front direction, but advection of the ageostrophic part of the along-front flow is neglected. This is consistent with the usual application of the geostrophic 
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This set of equations (1) 
The potential vorticity is composed of both tilting vorticity and stretching vorticity. Because of the presence of vertical mixing, the system of equations can no longer be solved in a Lagrangian (geostrophic coordinates) framework. Instead, an elliptic equation for the cross-front stream function ½ is used. To derive the equation, we take the x derivative of (5) and subtract it from the z derivative of (4). Then, the thermal wind balance (3) HB applied a barotropic convergent field, geostrophically balanced, so that the velocities and pressure are given by u = -ax + u'(x, z, t),
= + (x, z, t), p = faxy -a2y2/2 + p' (x, z, t).
This application results in the same set of equations (1) 
Model Results: Application to the FASINEX Front
As an initial condition, we employ a similar profile to that used by Samelson [1993] in his linear stability calculations of 
This function is constructed such that away from the front, the geostrophic velocity goes to zero. The above expression is in nondimensional units such that x and z both span from 0 to 1. The parameters in the above expression are given in Table 1 (Figure 3e) . As a consequence, there is a large downward bowing of the isopycnals below the largest surface density gradient, and a region of weak stratification (and low potential vorticity) forms, while the potential vorticity at the surface increases because of an increase in stratification (Figures 3h and 3i) . The maximum along-front geostrophic velocity does not increase, however, because while the shear at the surface increases, the shear at depth decreases, resulting in a smaller surface velocity at the front. The surface jet splits into two, with the additional jet moving to the left with the surface density front. In the appendix an equation is derived for the evolution of the surface density (ignoring density diffusion relative to advection by the Ekman layers), and a solution is found. The evolution of the surface density profile in the analytic model is qualitatively When vertical mixing and an external barotropic convergence field are applied, downward bowing of isopycnals beneath the surface expression of the front persists. The vertical velocity is stronger with the two effects working together, creating a large thickness anomaly (Figure 6 ). This suggests that this feature should persist even in the presence of an actively baroclinically unstable field, such as in the ocean. It is difficult to make direct comparisons to the observations since we do not know the appropriate initial conditions and forcing field, but the qualitative similarities suggest that we have captured an important effect.
Evolution of a Front With Wind Forcing
Ekman flux driven by a wind stress curl can force frontogenesis as well [e.g., Cushman-Roisin, 1981] and is thought to play an important role for large-scale fronts in the ocean. For smallscale fronts it is more interesting to consider how a uniform wind field influences a density front since atmospheric length scales are most often much greater than the length scales associated with density fronts. This case was studied by Adamec and Garwood [1985] . They used a two-dimensional model including horizontal mixing explicitly with a coupled one-dimensional mixed layer model. We revisit the experiments of Adamec and Garwood [1985] with our model, taking into account vertical mixing and allowing vertical shear in the upper ocean, to consider two cases, one in which the wind blows along the front in the direction of the geostrophic jet and the other in which the wind is applied in the opposite direction. In either case, wind-driven Ekman transport is to the right of the wind field, advecting the near-surface density. This flow must compete against the tendency for frictionally induced Ekman layers to move the location of the surface front. Figure 9 ). Thus the vertical stratification increases locally. We can apply the analytic theory developed in the appendix to understand the influence of the wind. However, the assumptions behind the analytical model break down quickly because the frontal structure becomes confined to the region of the Ekman layer as the top of the front is shorn off and vertical mixing of density becomes important. In this case the maximum jet velocity decreases uniformly as the density gradient at the surface remains approximately the same (Figure 8) , while the geostrophic velocity decreases because of the reduced density gradient at depth. We do not necessarily expect that a discontinuity will form in the surface density gradient as predicted by the analytical model because the model breaks down when the vertical length scale of the front and the Ekman layer become comparable. A model run was done with a domain of 400 km, and the results were nearly identical. The potential vorticity increases substantially near the surface as the density gradient increases because of density advection.
Geostrophic Momentum Approximation
To evaluate whether the approximations leading to the geostrophic momentum approximation are valid for this prob- but the geostrophic acceleration still dominates (Figure 10 ). This suggests that the approximation for the most part is valid. It is interesting to note that the primary balance in the zonal momentum equation is the same as that suggested by Lee et al.
[1994, equation (21)] for their nonhydrostatic model, which is a balance between cross-front flow and vertical mixing of momentum. This suggests that the approximations used in this paper may be appropriate for looking at the dynamics of fronts and provides a useful dynamical formalism that lies in between quasi-geostrophic (which has been used extensively for the analysis of observations) and full nonhydrostatic dynamics. In addition, the qualitative agreement in the density equation with the results of Rudnick [1996] also suggests that the dynamics used in this study have some validity.
Conclusions
We have modified the semigeostrophic model to include vertical mixing of density and momentum in a simple way and used the model to study frontogenesis and frontolysis. The vertical mixing influences the evolution of the front in ways more complex than simple diffusion of density and toomen-26.60
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• 6 tum. In the absence of vertical mixing, for the application of a barotropic convergence field such as would arise from baroclinic instability of the thermocline (as expected from the results of HB), the vorticity is greater on the dense side of the front than on the light side of the front. In the absence of external forcing, either by the wind or by a barotropic convergence field, the viscosity acts to spin down a front but in a nonuniform way. Because a no-stress boundary condition is applied at the surface, there is a convergent Ekman flux that forms in response to the geostrophic shear at the surface. This shear is balanced by shear from the ageostrophic velocities in the Ekman layer. The resulting net overturning circulation tends to tilt over the front. The maximum density gradient moves in the negative x direction (toward the dense side of the front), and the surface horizontal density gradient remains large even after the front has shifted by a significant amount. In the appendix we show that a discontinuity in density gradient can form when the vertical scale of the stratification is greater than the Ekman layer thickness; this is a similar approximation to that studied by Garrett and Loder [1981] whereby vertical mixing of density is neglected but advection by Ekman layers is retained. This scaling seems consistent with the observational results of Rudnick [1996] . The solution shows that a twodimensional front does not equilibrate in the presence of vertical mixing alone, and under this approximation, discontinuities form at the surface after a finite period of time. Thus it seems that vertical mixing alone may not be able to equilibrate a two-dimensional front; horizontal mixing is needed as well. However, the approximation leading to the analytical solution breaks down after the part of the front in the Ekman layer is sheared off from the subsurface expression of the front and the thickness of the Ekman layer becomes comparable to the thickness of front. At this point, vertical diffusion must become important, and a surface discontinuity does not form.
There are several potential deficiencies in our modeling approach. The model that we use to study this process is purely two-dimensional. Clearly, in the ocean, baroclinic instability breaks the along-front symmetry. Thus the quantitative results of the model are suspect after several e-folding times for the baroclinic instability of the frontal feature. However, for the elevated value of vertical mixing used here, there could be order one changes in the front before a finite amplitude wave would develop. In addition, after the along-front structure begins to evolve the effects of vertical mixing would still persist. suggest that the inclusion of frictional convergence could possibly make the cross-front circulation picture more consistent with the density and potential vorticity field.
The differences between the response of the front to down front verses up front wind are suggested by the work of Lee et al. [1994] . Because we have filtered out gravity waves and inertial oscillations, we found that in the down front wind case the frontal region can be arrested by the competition between frictionally driven convergence and the movement of the front by the surface wind-driven Ekman flux. In the up front wind case a region of high potential vorticity is formed once again on the cold side of the front, with a structure that looks fairly similar to that with strong vertical mixing alone, as suggested by the analytical model in the appendix.
Although the cross-frontal circulation represents fluid parcels paths, the concentration of a tracer (such as density) would be continually diffused in the vertical and thus may loose the signature of its surface properties rather quickly. It appears, however, that when vertical mixing is high, Ekman layer advection dominates over vertical diffusion. Thus, having large vertical mixing in the upper ocean does not necessarily mean that there should be a rapid weakening in horizontal density gradients. Also, it seems reasonable to model mixing as vertical in the upper ocean, but at some depth, the mixing should be In order to draw more conclusions about how fronts work in the real ocean, one would want to include realistic mixed layer dynamics; however, it appears that vertical shear in the upper ocean near fronts may play an important role in the dynamics. This is not allowed in traditional slab mixed layer models where both the velocity and density are assumed to be uniform in the vertical within the mixed layer. Allowing a vertical shear within the mixed layer is consistent with the approaches of Tandon and Garrett [1994] and Young [1994] and is supported by observations. Although the parameterization for mixing that we assume here is quite simple, it does introduce an important effect and provides a dynamical framework for some observed features of oceanic fronts.
Appendix A
In this appendix an analytical solution is derived for the evolution of a density front at the surface in the presence of vertical mixing of density and momentum. Consider the density equation ( 
